Formal group exponentials and Galois modules in Lubin-Tate extensions by Pickett, Erik Jarl & Thomas, Lara
ar
X
iv
:1
20
1.
40
23
v1
  [
ma
th.
NT
]  
19
 Ja
n 2
01
2
Formal group exponentials and Galois modules in
Lubin-Tate extensions
Erik Jarl Pickett and Lara Thomas
October 30, 2018
Abstract
Explicit descriptions of local integral Galois module generators in certain extensions
of p-adic fields due to Pickett have recently been used to make progress with open
questions on integral Galois module structure in wildly ramified extensions of number
fields. In parallel, Pulita has generalised the theory of Dwork’s power series to a set of
power series with coefficients in Lubin-Tate extensions of Qp to establish a structure
theorem for rank one solvable p-adic differential equations.
In this paper we first generalise Pulita’s power series using the theories of formal
group exponentials and ramified Witt vectors. Using these results and Lubin-Tate
theory, we then generalise Pickett’s constructions in order to give an analytic represen-
tation of integral normal basis generators for the square root of the inverse different
in all abelian totally, weakly and wildly ramified extensions of a p-adic field. Other
applications are also exposed.
Introduction
The main motivation for this paper came from new progress in the theory of Galois
module structure. Indeed, explicit descriptions of local integral Galois module gener-
ators due to Erez [5] and Pickett [16] have recently been used to make progress with
open questions on integral Galois module structure in wildly ramified extensions of
number fields (see [18] and [23]).
Precisely, let p be a prime number. Pickett, generalising work of Erez, has con-
structed normal basis generators for the square root of the inverse different in degree p
extensions of any unramified extension of Qp. His constructions were obtained by us-
ing special values of Dwork’s power series. Moreover, they have recently been used by
Pickett and Vinatier [18] to prove that the square root of the inverse different of E/F
is free over Z[G] under certain conditions on both the decomposition groups of G and
the base field F , when E/F is a finite odd degree Galois extension with group G.
In parallel, Pulita has generalised the theory of Dwork’s power series to a set of
power series with coefficients in Lubin-Tate extensions of Qp in order to classify rank
one p-adic solvable differential equations [19].
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Our main goal was to generalise Erez and Pickett’s construction in order to give
explicit descriptions of integral normal basis generators for the square root of the inverse
different in all abelian totally, weakly and wildly ramified extensions of a p-adic field.
In this paper, our goal is totally achieved using a combination of several tools : formal
group exponentials, Lubin-Tate theory, and the theory of ramified Witt vectors. This
leads us to generalise Pulita’s formal power series to power series with coefficients in
Lubin-Tate extensions of any finite extension of Qp.
At the same time, we also get explicit generators for the valuation ring over its
associated order, in maximal abelian totally, weakly and wildly ramified extensions of
any p-adic field.
Notation. Let p be a rational prime, and let Qp be the field of p-adic numbers,
Q¯p be a fixed algebraic closure of Qp and Cp be the completion of Q¯p with respect
to the p-adic absolute value. We let vp and | |p be the normalised p-adic valuation
and absolute value on Cp such that vp(p) = 1 and |x|p = p
−vp(x). As vp and | |p are
completely determined by each other, either can be used in the statement of results; we
will use the valuation vp as this is the convention in the literature on Galois modules
in Lubin-Tate extensions.
Throughout this paper, for any extension K/Qp considered we will always assume
K is contained in Q¯p and we will denote by OK , PK and k its valuation ring, maximal
ideal and residue field respectively. We identify the residue field of Qp with the field
of p elements, Fp. For any n ∈ Z>0, we denote by µn the group of nth roots of unity
contained in Q¯×p .
Presentation of the paper. Let γ ∈ Q¯p be a root of the polynomial X
p−1 + p.
Dwork’s exponential power series with respect to γ is defined as
Eγ(X) = exp(γ(X −X
p)) ∈ 1 +XZp[[X]],
where the right hand side is the composition of the two power series γ(X − Xp) and
exp(X). Dwork’s power series is over-convergent, in the sense that it converges with
respect to | |p on an open disc {x ∈ Cp : vp(x) > c} for some c < 0 ([14], Chap. 14, §2,
Remark after Lem. 2.2); it also has the property that Eγ(1) is equal to a primitive pth
root of unity in Q¯p ([14], Chap. 14, §3, Thm 3.2).
Dwork’s power series was recently generalised by Pulita [19] to a set of power series
with coefficients in Lubin-Tate extensions of Qp: Let f(X) ∈ Zp[X] be some Lubin-Tate
polynomial with respect to the uniformising parameter p, i.e.,
P (X) ≡ Xp mod pZp[X] and P (X) ≡ pX mod X
2Zp[X] .
Let {ωi}i>0 be a coherent set of roots associated to P (X), namely a sequence of el-
ements of Q¯p such that ω1 6= 0, P (ω1) = 0 and P (ωi+1) = ωi; we refer to ωn as an
nth Lubin-Tate division point with respect to P . For n ∈ Z>0, Pulita defines the
exponentials
EP,n(X) = exp
(
n−1∑
i=0
ωn−i(X
pi −Xp
i+1
)
pi
)
∈ 1 +XZp[ωn][[X]] .
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This generalises Dwork’s power series as EP,1(X) = Eγ(X) when P (X) = X
p+pX.
For all choices of P (X) and n, the power series En(X) is over-convergent and has the
property that En(1) is a primitive p
nth root of unity ζpn in Q¯p. Comparing degrees
then shows us that Qp(ωn) = Qp(ζpn) for all n and all choices of P (X). We remark
that this result is also a consequence of basic Lubin-Tate theory, see [15] or [20] for
details of this theory.
In this paper, we first generalise Pulita’s exponentials to power series with coef-
ficients in Lubin-Tate extensions of any finite extension K of Qp, in particular by
combining Fro¨hlich’s notion of a formal group exponential ([7], Chap. IV, §1) with the
theory of ramified Witt vectors. Note that we impose no other restrictions on our
base field K and no restrictions on the uniformising parameter used to construct the
Lubin-Tate extensions of K. Inspired by the methods of Pulita, we prove the following
core result of the paper :
Theorem 1 Let K be a finite extension of Qp, with valuation ring, maximal ideal and
residue field denoted by OK , PK and k respectively. Let q = card(k) for some power q
of p.
Let π and π′ be two uniformising parameters for OK , and let P,Q ∈ OK [[X]] be
Lubin-Tate polynomials with respect to π and π′ respectively, i.e.,
P (X) ≡ Xq mod πOK [X] and P (X) ≡ πX mod X
2OK [X] .
We write FP ∈ OK [[X,Y ]] for the unique formal group that admits P as an endo-
morphism and expFP ∈ XK[[X]] for the unique power series such that
expFP (X + Y ) = FP (expFP (X), expFP (Y )).
Let {ωi}i>0 be a coherent set of roots associated to Q.
1. For every n ≥ 1, the formal power series
EQP,n(X) := expFP
(
n−1∑
i=0
ωn−i(X
qi −Xq
i+1
)
πi
)
lies in XOK [ωn][[X]], and is over-convergent if π ≡ π
′ mod Pn+1K .
2. Moreover, we have the congruence EQP,n(X) ≡ ωnX mod ω
2
nXOK [ωn][[X]].
To compare to Pulita’s result, we remark that if K = Qp, π = π
′ = p, and P (X) =
(X + 1)p − 1, then EQP,n(X) = EQ,n(X) − 1.
We then apply Theorem 1 to give two explicit results in Lubin-Tate theory. For each
integer n ≥ 1, we denote byKpi,n the n-th Lubin-Tate extension of K with respect to π.
This extension is abelian and totally ramified, with degree qn−1(q−1) and conductor n.
Let P ∈ OK [X] be a Lubin-Tate polynomial with respect to π. The extension Kpi,n/K
is generated by any primitive n-th Lubin-Tate division point with respect to P , i.e.,
any element ω ∈ Q¯p such that P
(n)(ω) = 0 whereas P (n−1)(ω) 6= 0.
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As a first application of Theorem 1, we give an analytic representation of Lubin-
Tate division points as values of the power series EQP,n(X) for all n ≥ 0. Precisely,
keeping the same notation, we prove :
Proposition 1 1. If π ≡ π′ mod Pn+1K , then E
Q
P,m(1) is a primitive mth Lubin-
Tate division point with respect to P , for all integers m with 0 < m ≤ n.
2. If π′ = π, then {EQP,i(1)}i>0 is a coherent set of roots associated to P (X).
Another application of Theorem 1 is concerned with an explicit description of the
action of the Galois group Gal(Kpi,n/K) over the Lubin-Tate extension Kpi,n for all
n ≥ 1. Indeed, since EQP,n(1) is a primitive nth Lubin-Tate division point with respect
to P , from standard theory (see [11], §6-7, specifically Theorem 7.1) we know that the
elements of Gal(Kpi,n/K) are those automorphisms such that E
Q
P,n(1) 7→ [u]P (E
Q
P,n(1)),
where u runs over a set of representatives of O×K/(1+P
n
K) — here [u]P (X) is a specific
power series in XOK [[X]], see Section 1.1 for full details. Therefore, the following
proposition gives a complete description of Gal(Kpi,n/K) in terms of values of our
power series.
Proposition 2 Let π ≡ π′ mod Pn+1K . For 0 ≤ i ≤ n − 1, let zi ∈ µq−1 ∪ {0} with
z0 6= 0. Then,
[
n−1∑
i=0
ziπ
i]P (E
Q
P,n(1)) = E
Q
P,n(z0) +FP E
Q
P,n−1(z1) +FP . . .+FP E
Q
P,1(zn−1) .
Note that, when z1 = · · · = zn−1 = 0, this proposition implies the relation
EQP,n(z0) = [z0]P (E
Q
P,n(1)) , for all z0 ∈ µq−1.
This is a generalisation of ([13], Chap. 14, Thm. 3.2).
Finally, we shall prove our second main result, as a consequence of Theorem 1 and
Proposition 1 : we use the power series EQP,2(X) to construct explicit normal basis
generators in abelian, weakly and wildly ramified extensions of any p-adic field. In this
manner, we generalise the constructions of Erez and Pickett, and give support towards
the resolution of open questions in Galois module structure theory :
Theorem 2 Let K be a finite extension of Qp, with valuation ring OK , residue field
k and residue cardinality q. Fix a uniformising parameter π of K and let P (X) =
Xq +
∑q−1
i=2 aiX
i + πX be some Lubin-Tate polynomial of degree q with respect to π.
Let Mpi,2 be a maximal abelian totally, weakly and wildly ramified extension of K. Let
AMpi,2/K denote the unique fractional ideal in Mpi,2 whose square is equal to the inverse
different of Mpi,2/K (see Section 3.3).
Let π′ ∈ K be another uniformising element of K, with π ≡ π′ mod p3K ; and let
Q ∈ OK [X] be a Lubin-Tate polynomial with respect to π
′.
If vp(aq−1) = vp(π), then
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1. the trace element TrKpi,2/Mpi,2(E
Q
P,2(1)) is a uniformising parameter of Mpi,2 and
a generator of the valuation ring OMpi,2 of Mpi,2 over its associated order in the
extension Mpi,2/K ;
2. if p is odd, then the elements
TrKpi,2/Mpi,2(E
Q
P,2(1))
π
and
TrKpi,2/Mpi,2(E
Q
P,2(1)) + q
π
are both generators of AMpi,2/K over OK [Gal(Mpi,2/K)] .
Furthermore, Part 2 of this theorem will enable us to give explicit integral normal
basis generators for the square root of the inverse different in every abelian totally,
weakly and wildly ramified extension of any p-adic field (see Corollary 3.2).
We also remark that in this second part, the first element seems the more natural,
however the second is in fact the generalisation of Erez’s basis generator for the square
root of the inverse different. If these basis generators can be used in local calculations
in a similar way to those of Erez and Pickett, it should be possible to solve the case of
whether AE/F is free over Z[G] whenever the decomposition groups at wild places are
abelian and in particular whenever E/F itself is abelian. We hope this will be possible
in the future, however, so far these calculations have eluded us.
Organisation of the paper. This paper is organised into three sections. In Sec-
tion 1, we give the background to the theory we need to prove our results. Precisely,
we first introduce Lubin-Tate formal groups in their original setting and also in terms
of Hazewinkel’s so called functional equation approach. We also introduce Fro¨hlich’s
notion of formal group exponentials and logarithms. Following work of Ditters, Drin-
feld, and Fontaine and Fargues, we finally introduce the theory of ramified Witt vectors
needed to generalise Pulita’s methods. In Section 2, we study the properties of the
power series EQP,n(X) and prove Theorem 1. We also improve on Fro¨hlich’s original
bound of the radius of convergence of any formal group exponential coming from a
Lubin-Tate formal group over a non-trivial extension of Qp. In Section 3, we explore
the applications described above and prove Propositions 1 and 2, as well as Theorem 2.
1 Background
1.1 Formal groups
Let A be a commutative ring with identity.
Definition 1.1 We define a 1-dimensional commutative formal group over A to be a
formal power series F (X,Y ) ∈ A[[X,Y ]] such that
1. F (X,Y ) = F (Y,X)
2. F (X,F (Y,Z)) = F (F (X,Y ), Z)
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3. F (X, 0) = X = F (0,X)
Throughout, all the formal groups we consider will be 1-dimensional commutative for-
mal groups. For brevity we will now refer to these simply as formal groups.
Properties 1-3 can be used to prove that there exists a unique j(X) ∈ XA[[X]] such
that F (X, j(X)) = 0 (see Appendix A.4.7 of [9]). This means that the formal group
F (X,Y ) endows XA[[X]], among other sets, with an abelian group structure.
Notation 1.2 When considering a set endowed with such a group structure we write
the group operation as +F . We will also use the notation −F to determine this group
operation composed with the group inverse, for example
F (X,Y ) = X +F Y and F (X, j(Y )) = X −F Y .
Definition 1.3 Let F (X,Y ) and G(X,Y ) be two formal groups over A. A homomor-
phism over the ring A, f : F (X,Y ) → G(X,Y ), is a formal power series f(X) ∈
XA[[X]] such that
f(F (X,Y )) = G(f(X), f(Y )) .
Moreover, we say that the homomorphism f is an isomorphism if there exists a homo-
morphism f−1 : G(X,Y )→ F (X,Y ) such that f(f−1(X)) = f−1(f(X)) = X.
Lubin-Tate formal groups
We now describe a special type of formal group, due originally to Lubin and Tate. Such
formal groups are used in local class field theory to construct maximal totally ramified
abelian extensions of a p-adic field K. For full details see, for example, [15] or [20].
Let K be a finite extension of Qp, fix a uniformising parameter π of OK and let
q = |OK/PK | be the cardinality of the residue field of K.
Definition 1.4 We define Fpi as the set of formal power series P (X) over OK such
that
P (X) ≡ πX mod X2OK [[X]] and P (X) ≡ X
q mod πOK [[X]] .
Such power series are called Lubin-Tate series with respect to π.
For each P ∈ Fpi there exists a unique formal group FP (X,Y ) ∈ OK [[X,Y ]] which
admits P as an endomorphism. Such formal groups are known as Lubin-Tate formal
groups. For each P ∈ Fpi and each a ∈ OK , there exists a unique formal power series,
[a]P (X) ∈ XOK [[X]], such that P ([a]P (X)) = [a]P (P (X)) and
[a]P (X) ≡ aX mod X
2OK [[X]] .
Further, the map a 7→ [a]P (X) is an injective ring homomorphismOK → EndOK (FP )
and for any P,Q ∈ Fpi, the formal groups FP (X,Y ) and FQ(X,Y ) are isomorphic over
OK .
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Let PCp = {x ∈ Cp : vp(x) > 0}. For P (X) ∈ Fpi and a ∈ OK , the formal power
series FP (X,Y ) and [a]P (X) converge to limits in PCp when evaluated at elements of
PCp . We can thus use the abelian group operation +F and the injective ring homo-
morphism a 7→ [a]P (X) to endow PCp with an OK-module structure. For every n ≥ 1,
we then let
TP,n = {x ∈ PCp : [π
n]P (x) = 0}
be the set of πn-torsion points of this module and refer to it as the set of the nth
Lubin-Tate division points with respect to P . If x ∈ TP,m if and only if m ≤ n, then
we say x is a primitive nth division point.
We let
Kpi,n = K(TP,n) and Kpi = ∪nKpi,n .
The set TP,n depends on the choice of the polynomial P (X) but the field Kpi,n depends
only on the uniformising parameter π. The extensions Kpi,n/K are totally ramified,
abelian and of degree qn−1(q − 1). We have Kab = KpiK
un and Kun ∩Kpi = K, where
Kab and Kun are the maximal abelian and unramified extensions of K respectively.
Hazewinkel’s approach to Lubin-Tate formal groups
We now describe a different approach to the construction of Lubin-Tate formal groups
due to Hazewinkel. This approach enables us to use Hazewinkel’s functional equation
lemma to prove the integrality of various power series relating to formal groups, which
will be essential in the sequel. For full details see [9] (Chap. I, §2).
Recall that p is a rational prime, K is a finite extension of Qp, π is a fixed uni-
formising parameter of OK and q is the cardinality of the residue field of K. For any
series g(X) ∈ XOK [[X]] we construct a new power series fg(X) ∈ XK[[X]] by the
recursion formula (or functional equation) :
fg(X) = g(X) +
fg(X
q)
π
.
We denote by f−1g (X) ∈ XK[[X]] the unique power series such that
fg(f
−1
g (X)) = X = f
−1
g (fg(X)) .
Note that if fg(X) ∈ XOK [[X]] and the coefficient of X in fg(X) is invertible in OK ,
then f−1g (X) ∈ XOK [[X]], see [9, A.4.6].
We now state two parts of the functional equation lemma for this special setting.
For the full statement in all generality and its proof, see [9, §2.2-2.4].
Theorem 1.5 (Hazewinkel, [9, 2.2]) Let g(X), h(X) ∈ XOK [[X]] and suppose that
the coefficient of X in g(X) is invertible in OK . Then,
1. f−1g (fg(X) + fg(Y )) ∈ OK [[X,Y ]].
2. f−1g (fh(X)) ∈ XOK [[X]].
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It is routine to check that f−1g (fg(X)+fg(Y )) is a formal group and from part 1. of
the previous theorem we know that it has coefficients in OK . In fact, it is a Lubin-Tate
formal group and every Lubin-Tate formal group can be constructed in this manner.
This link is described in the following proposition.
Proposition 1.6 (Hazewinkel, [9, 8.3.6]) Let g(X) ∈ XOK [[X]] with
g(X) ≡ X mod X2OK [[X]].
Then,
1. f−1g (πfg(X)) ∈ Fpi.
2. If we let P (X) = f−1g (πfg(X)), then FP (X,Y ) = f
−1
g (fg(X) + fg(Y )).
3. These relations give a one to one correspondence between the Lubin-Tate formal
groups obtained from power series P (X) ∈ Fpi and power series g(X) ∈ XOK [[X]]
with g(X) ≡ X mod X2OK [[X]].
We also observe that for any a ∈ OK , substituting h(X) = ag(X) into part 2 of
Theorem 1.5 then gives us f−1g (afg(X)) ∈ OK [[X]], and so if P (X) = f
−1
g (πfg(X)),
then
[a]P (X) = f
−1
g (afg(X)) .
Formal group exponentials
Hazewinkel’s power series fg(X) and f
−1
g (X) can be thought of as special formal group
isomorphisms which were first studied by Fro¨hlich in ([7], Chap. IV, §1).
Let E be any field of characteristic 0, let F (X,Y ) be a formal group over E and let
Ga(X,Y ) = X + Y be the additive formal group. There exists a unique isomorphism
logF : F → Ga over E such that logF (X) ≡ X mod X
2E[[X]], known as the formal
group logarithm (loc. cit., Prop. 1). The inverse of logF (X) is known as the formal
group exponential and is denoted by expF (X); we note that necessarily we also have,
expF (X) ≡ X mod X
2E[[X]].
Now let F (X,Y ) = FP (X,Y ) = f
−1
g (fg(X)+ fg(Y )) be a Lubin-Tate formal group
for K as in Prop. 1.6. We then have
fg(X) = logF (X) and f
−1
g (X) = expF (X) (1)
and these power series are uniquely determined by the following equivalent identities:
F (X,Y ) = expF (logF (X) + logF (Y ))
logF (F (X,Y )) = logF (X) + logF (Y )
expF (X + Y ) = F (expF (X), expF (Y ))
(2)
We also observe that,
[a]P (X) = expF (a logF (X)) . (3)
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Remark 1.7 The reason these power series are referred to as formal group exponen-
tials and formal group logarithms is that if K = Qp, then P (X) = (X + 1)
p − 1 ∈ Fp
and FP (X,Y ) = X + Y +XY = Gm, the multiplicative formal group. We then have
expFP (X) = exp(X)−1 and logFP (X) = log(X−1) where log and exp are the standard
logarithmic and exponential power series.
1.2 Witt vectors
This section is concerned with the notion of ramified Witt vectors, generalising the
classical theory of Witt vectors introduced by Witt in his original paper [26]. This
notion was first developed independently by Ditters [3] and Drinfeld [4], and then by
Hazewinkel [10] from a formal group approach in a more general setting. The reader
is also referred to Section 5.1 of the current preprint [12] of Fontaine and Fargues.
Standard Witt vectors
We first briefly recall the construction of “standard” Witt vectors. Let p be a prime
number, and let X0,X1, ... be a sequence of indeterminates. The original Witt poly-
nomials are defined by :
∀n ≥ 0, Wn(X0, ...,Xn) =
n∑
i=0
piXp
n−i
i ∈ Z[X0, ...Xn] .
The standard Witt vectors can be constructed as a functor W : A 7→ W (A) from
the category of commutative rings to itself. Precisely, if A is a commutative ring, we
first define W (A) as the set of infinite sequences AZ≥0 . The elements of W (A) are
called Witt vectors, and to each Witt vector x = (an)n ∈ W (A), one can attach a
sequence 〈a(n)〉n ∈ A
Z≥0 whose coordinates are called the ghost components of x and
are defined by the Witt polynomials : a(n) =Wn(a0, ..., an), for all n ≥ 0.
The set W (A) is then uniquely endowed with two laws of composition that satisfy
the axioms of a commutative ring, in such a way that the ghost map ΓA : (an)n ∈
W (A) 7→ 〈a(n)〉n ∈ A
Z≥0 becomes a ring homomorphism.
Under this functor, any ring homomorphism ϕ : A→ B is sent to the ring homomor-
phism W (ϕ) : W (A) → W (B) which is defined componentwise, i.e., W (ϕ)((an)n) =
(ϕ(an))n. See ([1], Chap. IX) for more details.
Ramified Witt vectors
Let p be a prime number. Let K be a finite extension of Qp, with valuation ring
OK and residue field k. We fix a uniformising parameter π of OK , and write k = Fq
with q = pf . Ramified Witt vectors over OK are constructed as a functor WOK ,pi :
A 7→ WOK ,pi(A) from the category of OK -algebras to itself, starting with generalised
Witt-like polynomials and then proceeding along the lines of the construction of the
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usual Witt vectors. For convenience, as well as to collect some useful properties of the
ramified Witt vectors, we shall briefly describe this functor.
In the case of ramified Witt vectors, the relevant polynomials are :
∀n ≥ 0, Wn,OK ,pi(X0, ...,Xn) =
n∑
i=0
πiXq
n−i
i ∈ OK [X0, ...,Xn] .
Let A be an OK -algebra. We first define WOK ,pi(A) as the set A
Z≥0 as the set of
infinite sequences over A. We shall use the notation (an)n for elements in WOK ,pi(A),
and 〈an〉n for elements in A
Z≥0 .
If (an)n ∈ WOK ,pi(A), we define its ghost components as a
(n) =Wn,OK ,pi(a0, ..., an)
for all n ≥ 0. The sequence 〈a(0), a(1), ...〉 is called the ghost vector of (an)n. This
defines a map, that we shall denote by Γpi,OK ,A or simply by ΓA when the setup is
explicit, called the ghost map of A :
ΓA : WOK ,pi(A) −→ A
Z≥0
(an)n 7→ 〈a
(n)〉n .
The following lemma is essential for what follows.
Lemma 1.8 Let A be an OK-algebra with no π-torsion. Then, the ghost map ΓA is
injective. If, moreover, there exists an OK-algebra endomorphism σ : A → A such
that σ(a) ≡ aq mod πA for all a ∈ A, then the image of ΓA is the sub-algebra of the
product algebra AZ≥0 given by
{〈un〉n≥0 ∈ A
Z≥0 : σ(un) ≡ un+1 mod π
n+1A} .
Proof. We proceed along the lines of ([1], No 2, Sect. 1, Par. 1 & 2), replacing
multiplication by p by multiplication by π, and replacing p by q in the exponents. The
first assertion is a consequence of the equivalence
(⋆) ΓA((an)n) = 〈un〉n ⇔
{
u0 = a0
un+1 =Wn,OK ,pi(a
q
0, ..., a
q
n) + πn+1an+1 .
Therefore, for every sequence 〈un〉n ∈ A
Z≥0 , there exists at most one element (an)n ∈
WOK ,pi(A) such that ΓA((an)n) = 〈un〉n.
The second assertion is a consequence of the following relation that can easily be
proved in the same way as Lemma 1 of ([1], No 2, Sect. 1), since q ∈ πOK :
∀x, y ∈ A, ∀n ≥ 0, ∀m ≥ 1 : x ≡ y mod πmA ⇒ xq
n
≡ yq
n
mod πm+nA .
In particular, for m = 1 and for any sequence (an)n ∈WOK ,pi(A), this implies that
σ(Wn,OK ,pi(a0, ..., an)) = Wn,OK ,pi(σ(a0), ..., σ(an))
≡ Wn,OK ,pi(a
q
0, ..., a
q
n) mod πn+1A
≡ Wn+1,OK ,pi(a0, ..., an+1) mod π
n+1A
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Therefore, according to (⋆), we can prove by iteration on n ≥ 0 that a sequence 〈un〉n
is in the image of ΓA if and only if σ(un) ≡ un+1 mod π
n+1A for all n.
In particular, theOK -algebra A = OK [(Xn)n, (Yn)n], endowed with theOK -endomorphism
σ given by σ(Xn) = X
q
n and σ(Yn) = Y
q
n , satisfies the above lemma and is such that ΓA
is bijective because the relation σ(a) ≡ aq mod πA is satisfied for all a ∈ A. There-
fore, the map ΓA transfers the structure of an OK -algebra to WOK (OK [(Xn)n, (Yn)n]).
Moreover, for all n ≥ 0 and all x ∈ OK , this defines polynomials Sn and Pn in
OK [X0, ...,Xn, Y0, ..., Yn], In and Cx,n in OK [X0, ...,Xn] and Fn in OK [X0, ...,Xn+1]
such that
ΓA(S0, S1, ...) = ΓA(X0,X1, ...) + Γ(Y0, Y1, ...) ,
ΓA(P0, P1, ...) = ΓA(X0,X1, ...)× ΓA(Y0, Y1, ...) ,
ΓA(Cx,0, Cx,1, ...) = x · ΓA(X0,X1, ...) ,
ΓA(F0, F1, ...) = (X
(1),X(2), ...) .
Now, for any arbitrary OK -algebra A, we endow the set WOK ,pi(A) with laws of
composition given by
∀an, bn ∈ A, ∀x ∈ OK ,


(an)n + (bn)n = (Sn(a0, ..., an, b0, ..., bn))n
(an)n × (bn)n = (Pn(a0, ..., an, b0, ..., bn))n
x · (an)n = (Cx,n(a0, ..., an))n
.
Moreover, if ϕ : A′ → A is any homomorphism of OK -algebras, we define the
map WOK ,pi(ϕ) : WOK ,pi(A
′) → WOK ,pi(A) component-wise, i.e., WOK ,pi(ϕ)((an)n) =
(ϕ(an))n. This map commutes with the previous laws of composition.
Next, for a fixed OK-algebra A, we consider the OK -algebra B = OK [(Xa)a∈A]
which satisfies the assumptions of Lemma 1.8 with σ(Xa) = X
q
a. In particular, the
ghost map ΓB induces a bijection between WOK ,pi(B) and some subalgebra of B
Z≥0
that respects the previous laws of composition, which gives WOK ,pi(B) the structure
of an OK -algebra. Now, the surjective homomorphism ρ : Xa ∈ B 7→ a ∈ A yields a
surjective map WOK ,pi(ρ) : WOK ,pi(B)→WOK ,pi(A), which endows WOK ,pi(A) with the
structure of an OK-algebra as well, thereby proving the following:
Proposition 1.9 ([12], Lemme 5.1) The set-valued functor F : {OK-algebras} →
Sets given by A 7→ AZ≥0 factors through a unique OK-algebra-valued functor
WOK ,pi : {OK-algebras} → {OK-algebras}
such that, for any OK-algebra A, the ghost map ΓA : (ai)i≥0 ∈WOK ,pi(A) 7→ (Wn,OK ,pi(a0, ..., an))n≥0
is a homomorphism of OK-algebras.
In particular, WOK ,pi(A) is a OK-algebra with Witt vector (0, 0, . . .) as the zero
element, and Witt vector (1, 0, 0, . . .) as the identity element.
An important remark is that, if π′ is another uniformising parameter, there exists
a unique isomorphism of functors, upi,pi′ , between WOK ,pi and WOK ,pi′ , that commutes
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with the ghost maps (see Section 5.1 of [12]). In particular, this is the reason why
elements of WOK ,pi(A) are simply called ramified OK-Witt vectors.
Let A be anOK -algebra. There are three maps that play a crucial role inWOK ,pi(A).
The first is the Teichmu¨ller lift [ ], which is multiplicative and given by :
[ ] : a ∈ A 7→ [a] = (a, 0, 0, ...) ∈WOK ,pi(A) .
The second is the Frobenius map F , defined uniquely by the polynomials Fn intro-
duced above. Precisely, as a consequence of Lemma 1.8, one can prove that this is the
unique endomorphism of the OK -algebra WOK ,pi(A) that satisfies :
∀(an)n ∈WOK ,pi(A), ΓA(F (a0, a1, ...)) = 〈a
(1), a(2), ...〉 .
As noticed in [12], these two maps do not depend on π, in the sense that they
commute with the isomorphism upi,pi′ for any other uniformising element π
′.
The last map is the Verschiebung map Vpi and it is additive :
Vpi : (an)n ∈WOK ,pi(A) 7→ (0, a0, a1, ...) ∈WOK ,pi(A) .
Contrary to the others, this map depends on the choice of π. Precisely, Vpi′ =
pi′
pi Vpi.
Note also the relation ΓA(Vpi(a0, a1, ...)) = 〈0, πa
(0), πa(1), . . .〉.
These maps satisfy the following properties, most of which can be proved after
being translated to ghost components using Lemma 1.8 :
Proposition 1.10 (([10], Thm. 6.17), ([12], §5.1)) Let A be an OK-algebra, we
have :
i. The composed map FVpi is the multiplication by π in WOK ,pi(A), whereas the
composed map VpiF is the multiplication by (0, 1, 0, 0, ...). When A has π-torsion,
these two operations correspond to each other.
ii. For every a = (a0, a1, ...) ∈ WOK ,pi(A), we have F (a) ≡ a
q mod πWOK ,pi(A),
where aq is the q-th power of a inWOK ,pi(A) and πWOK ,pi(A) is the ideal generated
by π(1, 0, 0, ...). Moreover, if F (a) = (α0, α1, ...), then αn ≡ a
q
n mod πA for all
n ≥ 0.
iii. If l/k is a finite extension, then WOK ,pi(l) is the ring of integers of the unique
unramified extension L/K with residue field extension l/k.
Remark 1.11 In the language of Hazewinkel, these ramified Witt vectors are “un-
twisted”. In his paper [10], Hazewinkel describes the functor of even more general Witt
vectors, called “twisted ramified Witt vectors”, from a formal group law approach based
on the functional equation lemma. These Witt vectors are obtained from the ramified
Witt vectors by twisting the Teichmu¨ller lift with some Lubin-Tate formal group law.
Such a twist is necessary for Hazewinkel to describe all ramified discrete valuation rings
with not necessarily finite residue fields. See also Section 5.1.2 of [12] for a twisted
version of ramified Witt vectors.
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Link with standard Witt vectors.
Let A be an OK -algebra. When K = Qp and π = p, the ramified Witt Zp-algebra
WZp,p(A) is, as a ring, the ring of standard Witt vectors W (A). In particular, one can
prove the following (see, for example, the end of Paragraph 5.1 in [12]) :
Proposition 1.12 Let K0 denote the maximal unramified subextension of K/Qp. If
A is a perfect Fq-algebra, there is a canonical isomorphism :
WOK ,pi(A) → W (A)⊗OK0 OK ,
under which the Teichmu¨ller lifts correspond to each other, and the Frobenius map in
WOK ,pi(A) is sent to F
f ⊗ Id, where f is the residue index of K/Qp and F denotes the
standard Frobenius map in W (A).
2 The power series EQP,n(X)
In this section we prove Theorem 1, the core result of the paper.
2.1 Specific Witt vectors
Recall that p is a prime number and K is a finite extension of Qp, with valuation
ring, valuation ideal and residue field denoted by OK , PK and k respectively. We let
q = card(k) and fix a uniformising parameter π of OK . In this section, we follow
[19, §2.1], but in our more general setting, in order to construct some specific ramified
OK -Witt vectors with useful properties.
We fix a formal power series P ∈ OK [[X]] such that
P (0) = 0 and P (X) ≡ Xq mod πOK [[X]] . (4)
This series defines an endomorphism of OK -algebras :
σP : OK [[X]] → OK [[X]]
h(X) 7→ h(P (X))
with the property σP (h) ≡ h
q mod πOK [[X]] for all h ∈ OK [[X]].
The following lemma is a straightforward generalisation of the first statement of [1,
Ch.IX, §1, Exercise 14] to ramified OK-Witt vectors :
Lemma 2.1 There is a unique homomorphism of OK-algebras
SP : OK [[X]] −→ WOK ,pi(OK [[X]])
h 7→ SP (h)
such that, for every h ∈ OK [[X]], the ghost vector of SP (h) is given by
〈h(X), h(P (X)), h(P (P (X))), ...〉 ∈ OK [[X]]
Z≥0 ,
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i.e., such that the n-th ghost component of SP (h) is σ
n
P (h), for every n ≥ 0.
Moreover, the homomorphism of OK-algebras SP is also characterised by :
F (SP (h)) = SP (h(P )) .
Proof. According to Lemma 1.8, since the OK-algebra A := OK [[X]] has no π-
torsion and is endowed with the map σP , its ghost map ΓA : W (A) → A
Z≥0 is in-
jective, and each sequence 〈h(X), h(P (X)), h(P (P (X))), ...〉 is clearly in the image of
ΓA. Therefore, for every formal power series h ∈ A, there is a unique Witt vector
SP (h) ∈ WOK ,pi(A) with ghost components 〈h(X), h(P (X)), h(P (P (X))), ...〉, thereby
proving the existence of the map SP . Finally, we prove that this is a homomorphism
of OK -algebras after translating the properties of such a homomorphism in terms of
ghost components, according to Lemma 1.8.
The last assertion is an easy consequence of the definition of the map F by the ghost
components.
Now, let L be a finite extension of K. We denote by OL the valuation ring of
L, and by l its residue field. Let a ∈ OL be such that vp(a) > 0. By functorial-
ity, the specialisation OK [[X]] → OL, given by X 7→ a, provides a homomorphism
WOK ,pi(OK [[X]]) → WOK ,pi(OL). For every such element a ∈ OL and every formal
power series h ∈ OK [[X]], we shall denote by SP,a(h) the specialised Witt vector of
WOK ,pi(OL) which is the image of h via the composed homomorphism
OK [[X]]
SP
−→ WOK ,pi(OK [[X]])
X 7→ a
−→ WOK ,pi(OL) .
In particular, note that the ghost vector of SP,a(h) is 〈h(a), h(P (a)), h(P (P (a))), ...〉.
The following proposition is a key ingredient for what follows :
Proposition 2.2 Let h(X) =
∑
i≥0 aiX
i be a formal power series in OK [[X]], let
a ∈ OL with vp(a) > 0 and write SP,a(h) = (α0, α1, ...) ∈ WOK ,pi(OL). Then, the
following statements hold :
i. a0 = 0 if and only if vp(αi) > 0 for all i ≥ 0 ;
ii. if a0 6= 0, then vp(a0) = rvp(π) if and only if vp(αi) > 0 for all 0 ≤ i < r and
vp(αr) = 0.
Proof. We follow Pulita’s proof of Lemma 2.2 in ([19], Sect. 2.1). The two assertions
can be recovered through the equivalence of the two following statements
(a) vp(a0) = rvp(π) ,
(b) v(αi) > 0 for all 0 ≤ i < r, and vp(αr) = 0 ,
including the case r = +∞, corresponding to a0 = 0.
Given k ≥ 0, condition 2 is equivalent to vp(α
k
r ) = 0 and vp(α
k
i ) > 0 for all
i < r, which is again equivalent to condition 2 applied to the Witt vector F k(SP,a(h))
according to the assertion iii of Proposition 1.10.
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We write (β0, β1, ...) for the components of the Witt vector F
k(SP,a(h)). Its ghost
vector is 〈h(P (k)(a)), h(P (k+1)(a)), ...〉, where P (i) denotes the polynomial P composed
i times.
Since vp(P (a)) ≥ inf(qvp(a), vp(π)+vp(a)) ≥ vp(a) > 0, we have that vp(P
(k)(a))→
+∞ as k → +∞. In particular, if k is big enough, then vp(h(P
(i)(a))) = vp(a0) for
all i ≥ k. Therefore, for such value of k, the relations between the components of
F k(SP,a(h)) and its ghost components give us :
πjβj = h(P
(j+k)(a)) − (βq
j
0 + πβ
qj−1
1 + ...+ π
j−1βq
2
j−1) ∀j ≥ 0 .
We thus see, by iteration on j ≥ 0, that vp(a0) = rvp(π) if and only if vp(βj) > 0 for
all j < r and vp(βr) = 0, thereby proving the assertion.
2.2 Formal group exponentials
Again, K is a finite extension of Qp, with valuation ring OK and residue field k. We
write card(k) = q for some power q of p. We fix a uniformising parameter π of OK . Let
P ∈ Fpi be some Lubin-Tate series with respect to π, and denote by FP ∈ OK [[X,Y ]]
the unique formal group which admits P as an endomorphism (see Subsection 1.1).
By the functional equation lemma (assertion 3 of Proposition 1.6), there exists a for-
mal power series g ∈ XOK [[X]] with the coefficient of X equal to 1, and such that
FP (X,Y ) = f
−1
g (fg(X) + fg(Y )), where fg ∈ XK[[X]] is given by Hazewinkel’s func-
tional equation construction applied to g, with uniformising parameter π and residue
cardinality q. Moreover, its composition inverse f−1g ∈ XK[[X]] equals the exponential
expFP of the formal group FP :
f−1g = expFP .
Now let h(X) = X ∈ XOK [[X]]. Hazewinkel’s functional equation construction
applied to h, π and q then gives us fh(X) = X +
Xq
π
+
Xq
2
π2
+ · · ·, and according to
assertion 2 of Theorem 1.5, we have f−1g (fh(X)) ∈ XOK [[X]]. Therefore, we can make
the following definition :
Definition 2.3 Let P ∈ OK [[X]] be a Lubin-Tate series with respect to π. We define
EP (X) := expFP
(
X +
Xq
π
+
Xq
2
π2
+ · · ·
)
∈ XOK [[X]] .
Notation 2.4 Let F be a formal group which endows a set A with a group structure
under the action +F . We use the following sigma notation to denote the composition
of multiple elements of A using the group law +F :
F∑
j0≤j≤jn
aj = aj0 +F aj0+1 +F · · · +F ajn ,
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where j0 ∈ Z≥0 and jn ∈ Z≥0 ∪ {∞}. Analogously to usual sums, the limits of infi-
nite formal group sums might not always exist, and when they do, they might not be
contained in A.
Let L be a finite extension of K. We provide the group XOL[[X]] with the “X-
adic” topology induced by that of OL[[X]]. By what precedes, if λ = (λ0, λ1, ...) ∈
WOK ,pi(OL), the sum with respect to the formal group law
FP∑
0≤j≤∞
EP (λjX
qj ) defines a
formal power series in XOL[[X]]. Generalising the Artin-Hasse exponential relative to
ramified Witt vectors by the use of formal groups, we thus define :
Definition 2.5 For every λ ∈ WOK ,pi(OL), the generalised Artin-Hasse exponential
relative to λ and P is
EP (λ,X) :=
FP∑
0≤j≤∞
EP (λjX
qj ) = expFP
(
λ(0)X + λ(1)
Xq
π
+ λ(2)
Xq
2
π2
+ ...
)
∈ XOL[[X]] .
We then fix another uniformising parameter for OK , denoted by π
′, and let Q ∈
OK [[X]] be a Lubin-Tate series with respect to π
′. We fix a coherent set of roots {ωi}i>0
associated to Q(X), i.e., a sequence of elements of Q¯p such that ω1 6= 0, Q(ω1) = 0
and Q(ωi+1) = ωi.
We also fix n ≥ 1 and let L = Kpi′,n be the nth Lubin-Tate extension of K with
respect to π′. We note that OL = OK [ωn]. Let h(X) = X. Since π and π
′ generate
the same ideal in OK , the polynomial Q satisfies Identities 4. In particular, according
to Lemma 1.8 and Section 2.1, the Witt vector SQ,ωn(h) is well defined in WOK ,pi(OL)
for every n ≥ 1, and it is the unique Witt vector in WOK ,pi(OL) with ghost vector
〈ωn, ωn−1, ..., ω1, 0, ...〉 ∈ O
Z≥0
L .
Definition 2.6 We define
EQP,n(X) := EP (SQ,ωn(h),X) ∈ XOL[[X]] ,
for h(X) = X ∈ XOL[[X]].
As an interesting consequence of the properties of these power series, we can give
an improvement to the known bound for the radius of convergence of the formal group
exponential expFP (X).
Proposition 2.7 The power series expFP (X) converges on the disc {x ∈ Cp : vp(x) >
1/eK(q − 1)}, where eK = vpi(p) denotes the absolute ramification index of K if vpi is
the discrete valuation on K such that vpi(π) = 1.
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Proof. First, with h(X) = X, we know expFP (ω1X) = EP (SQ,ω1(h),X) = E
Q
P,1(X)
is a formal power series with integral coefficients, so it converges at any element x ∈
Cp with strictly positive valuation. We know that vp(ω1) = 1/(q − 1)eK as ω1 is
a uniformising parameter for Kpi′,1, therefore expFP (x) converges whenever vp(x) >
1/(q − 1)eK .
Remark 2.8 The only bound of the radius of convergence of expFP (X) known to the
authors was that given by Fro¨hlich in [7, Ch.IV, Thm 3], which he accredits to Serre.
This bound was 1/(p − 1), so our bound improves this result for all K 6= Qp. For
K = Qp and P (X) = (X +1)
p − 1, we obtain expFP (X) = exp(X)− 1 and we see that
this bound is optimal. We conjecture that this bound is in fact optimal for all choices
of K and P .
One crucial argument in the proof of Theorem 1 will be provided by the following
lemma :
Lemma 2.9 Let h(X) = X. For every λ = (λ0, λ1, ...) ∈ WOK ,pi(OL), the following
equality holds ;
EP (SQ,ωn(h)λ,X) =
FP∑
0≤j≤n−1
EQP,n−j(λjX
qj ) .
Proof. On the one hand, using Definition 2.5 and the multiplicativity of the ghost
map for ramified Witt vectors, we get successively :
EP (SQ,ωn(h)λ,X) = expFP
(
ωnλ
(0)X + ωn−1λ
(1)Xq
pi + · · ·+ ω1λ
(n−1)Xq
n−1
pin−1
)
= expFP
(∑
0≤l≤n−1 ωn−l
∑
0≤j≤l λ
ql−j
j
Xq
l
pil−j
)
= expFP
(∑
0≤j≤n−1
∑
0≤k≤n−1−j ωn−j−kλ
qk
j
Xq
j+k
pik
)
On the other hand, using Definition 2.6, Definition 2.5 and Identities 2, we also
get :
FP∑
0≤j≤n−1
EQP,n−j(λjX
qj ) =
FP∑
0≤j≤n−1
EP (SQ,ωn−j(h), λjX
qj )
=
FP∑
0≤j≤n−1
expFP (ωn−jλjX
qj + ωn−j−1λ
q
j
Xq
j+1
π
+ · · ·+ ω1λ
qn−j−1
j
Xq
n−1
πn−j−1
)
= expFP (
∑
0≤j≤n−1
∑
0≤k≤n−j−1 ωn−j−kλ
qk
j
Xq
j+k
pik
),
thereby proving the desired equality.
Proposition 2.10 Let h(X) = X ∈ OK [[X]]. For every Witt vector λ= (λ0, λ1, ...) ∈
WOK ,pi(OL), if vp(λi) > 0 for all i ∈ {0, ..., n}, the series EP (SQ,ωn(h)λ,X) is over-
convergent, i.e., it converges on the closed disk D = {x ∈ Cp, vp(x) ≥ 0}. Moreover,
EP (SQ,ωn(h)λ, x) has strictly positive valuation for all x ∈ D.
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Proof. According to Lemma 2.9, the series EP (SQ,ωn(h)λ,X) is a finite sum with
respect to the formal group law FP . Therefore, it is over-convergent if and only if each
term of the sum is over-convergent and has strictly positive valuation when evaluated at
x ∈ Cp with vp(x) ≥ 0. But this is a consequence of the property that E
Q
P,n−j(λjX
qj ) ∈
λjX
qjOK [[X]]. The last assertion is therefore trivial.
2.3 Proof of Theorem 1
We can now prove our main theorem on the properties of the formal power series
EQP,n(X) :
Proof of Theorem 1.
Part 1. According to identity 2 of Subsection 1.1, we have
EQP,n(X) = expFP
(
n−1∑
i=0
ωn−i(X
qi −Xq
i+1
)
πi
)
= expFP (πωn+1X) +FP expFP
(
n∑
i=0
ωn+1−i
(
ωn−i
ωn+1−i
− π
)
Xq
i
πi
)
= expFP (πωn+1X) +F EP (SQ,ωn+1(h)λ,X) (5)
with h(X) = X and λ = SQ,ωn+1(f) for f(X) =
Q(X)
X − π.
We have to prove that each term in this sum is over-convergent and has strictly
positive valuation when evaluated at some x ∈ Cp with vp(x) ≥ 0.
We write λ = (λ0, λ1, ...). First, the constant term of f(X) is π
′ − π. Therefore, if
π ≡ π′ mod Pn+1K , then vp(λi) > 0 for all i ∈ {0, ..., n} by Proposition 2.2. So, accord-
ing to Proposition 2.10, the series EP (SQ,ωn+1(h)λ,X), which lies in XOK [ωn+1][[X]],
is over-convergent and has strictly positive valuation when evaluated at any x with
vp(x) ≥ 0.
On the other hand, we know from the proof of Proposition 2.7 and Definition 2.6
that expFP (ω1X) ∈ XOK [ω1][[X]]. Substituting X with (πωn+1/ω1)X and noting that
vp(π) > vp(ω1), we then see that the series expFP (πωn+1X) belongs to (πωn+1/ω1)XOK [ωn+1][[X]].
In particular, it is over-convergent by Proposition 2.7, and it has positive valuation
when evaluated at any x with vp(x) ≥ 0.
Therefore, the series EQP,n(X) lies in XOK [ωn+1][[X]], and thus in XOK [ωn][[X]],
since it belongs to Kpi,n[[X]] by definition. Moreover, it is over-convergent if π ≡ π
′
mod Pn+1K , thereby proving Part 1.
Part 2.
In Part 1, we saw that expFP (πωn+1X) ∈ (πωn+1/ω1)XOK [ωn+1][[X]]. We know
that vp(πωn+1/ω1) > vp(ωn), therefore using expression (5) above and the fact that
FP ∈ OK [[X,Y ]] we are left with showing EP (SQ,ωn+1(h) λ,X) ≡ ωnX mod ω
2
nXOK [ωn+1][[X]].
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Let OL be the valuation ring of some finite extension L of K. Let ν = (νi)i ∈
WOK ,pi(OL) and suppose that, for some j, vp(νi) ≥ vp(νj) for all i ∈ Z. In Definition
2.3 we saw that EP (X) ∈ XOK [[X]]. Therefore, from Definition 2.5 and the fact that
FP (X,Y ) has integral coefficients, we see that EP (ν,X) ∈ νjXOL[[X]].
In particular, let L = K(ωm) = Kpi′,m for some m with 0 < m ≤ n. For
ν = SQ,ωm(X), we know from Proposition 2.2 that vp(νi) > 0 for all i. As ν ∈
WOK ,pi(OK [ωm]) we must then have vp(νi) ≥ vp(ωm) for all i, and so
EQP,j(X) = EP (SP,ωj(X),X) ∈ ωjXOK [ωj][[X]] .
Recall from Part 1 that λ = (λi)i = SQ,ωn+1(f) with f(X) =
Q(X)
X − π and that
vp(λi) > 0 for all i ∈ {0, ..., n}. Therefore, for i ∈ {0, ..., n} we have vp(λi) ≥ vp(ωn+1),
as λ ∈WOK ,pi′(OK [ωn+1]). We then have
EQP,n+1−j(λjX
qj ) ∈ λjωn+1−jXOK [ωn+1−j][[X]] .
For all 1 ≤ j ≤ n we have vp(λjωn+1−j) > vp(ωn) and from Lemma 2.9 we know that
EP (SP,ωn+1(X)λ,X) =
FP∑
0≤j≤n
EQP,n+1−j(λjX
qj ) .
It is therefore sufficient to prove that EQP,n+1(λ0X) ≡ ωnX mod ωnωn+1OK [ωn+1][[X]].
By definition the coefficient of X in the formal group exponential expFP (X) is equal
to 1. Therefore, if
EQP,n+1(X) = expFP
(
ωn+1X + ωn
Xq
π
+ · · ·+ ω1
Xq
n
πn
)
=
∑
i≥1
aiX
i ,
then a1 = ωn+1. Recall that ai ∈ ωn+1OK [ωn+1][[X]], thus
EQP,n+1(λ0X) ≡ a1λ0X mod ωn+1λ
2
0OK [ωn+1[[X]]
≡ ωn+1λ0X mod ωn+1λ
2
0OK [ωn+1][[X]] .
By definition, we see that λ0 = λ
(0) = f(ωn+1) = ωn/ωn+1 − π, and so
EQP,n+1(X) ≡ ωnX mod (ω
2
n/ωn+1)OK [ωn+1][[X]] ,
which proves the result since vp(ωn) > vp(ωn+1) and since E
Q
P,n ∈ XOK [ωn][[X]].
3 Applications
We recall that p is a rational prime, K is a finite extension of Qp, π and π
′ are
uniformising parameters of OK and q is the cardinality of the residue field of K. We
let P ∈ Fpi (resp. Q ∈ Fpi′) be Lubin-Tate series with respect to π (resp. π
′), and
FP (X,Y ) (resp. FQ(X,Y )) be the unique formal group with coefficients in OK that
admits P (resp. Q) as an endomorphism.
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3.1 Lubin-Tate division points
Since the extensions Kpi,n are finite and abelian over K for all choices of n and π, we
have Kpi′,n = Kpi,n exactly when their norm groups are equal [25, Appendix, Theorem
9]. An exact description of the norm group NKpi,n/K(K
×
pi,n) was computed in [11,
Proposition 5.16]. Namely, NKpi,n/K(K
×
pi,n) = 〈π〉 × 1+P
n
K . This implies Kpi,n = Kpi′,n
if and only if π ≡ π′ mod Pn+1K .
We now prove Proposition 1, which shows how values of the power series EQP,n(X)
give expressions for any nth Lubin-Tate division point with respect to P in terms of
nth Lubin-Tate division points with respect to Q whenever π ≡ π′ mod Pn+1K .
Proof of Proposition 1. We assume that π ≡ π′ mod Pn+1K . We proceed by
induction on m, with 0 < m ≤ n.
From Identities 2 and 3 of Subsection 1.1, we have
[π]P
(
EQP,1(X)
)
= [π]P
(
expFP (ω1(X −X
q))
)
= expFP (πω1(X −X
q))
= expFP (πω1X)−FP expFP (πω1X
q) .
From Proposition 2.7 we know that expFP (X) converges on the disc {x ∈ Cp :
vp(x) > 1/eK(q − 1)}. Also, in the proof of Proposition 2.7 and according to Def-
inition 2.6, we saw that expFP (ω1X) ∈ XOK [ω1][[X]], and so expFP (πω1) will have
positive valuation. We can therefore evaluate both the left and right hand side above
at 1 and get :
[π]P
(
EQP,1(1)
)
= expFP (πω1)−FP expFP (πω1) = 0 .
Therefore, EQP,1(1) is a [π]P -division point. Moreover, from Theorem 1 Part 2 we know
that EQP,1(X) ≡ ω1X mod ω
2
1XOK [ω1][[X]], and so this division point is primitive.
Now let k ≤ m and assume the result holds for m = 1, . . . k − 1. Again, using
Identities 2 and 3, we have
[π]P
(
EQP,m(X)
)
= [π]P
(
expFP
(
m−1∑
i=0
ωm−i(X
qi −Xq
i+1
)
πi
))
= expFP
(
m−1∑
i=0
πωm−i(X
qi −Xq
i+1
)
πi
)
= expFP
(
πωm(X −X
q) +
m−1∑
i=1
ωm−i(X
qi −Xq
i+1
)
πi−1
)
= expFP

πωm(X −Xq) + (m−1)−1∑
i=0
ω(m−1)−i(X
qi+1 −Xq
i+2
)
πi


= expFP (πωmX)−FP expFP (πωmX
q) +FP E
Q
P,m−1(X
q) .
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From Theorem 1 Part 1 we know that if π ≡ π′ mod Pn+1K , then E
Q
P,m−1(X
q) is
over-convergent. From Proposition 2.7 we know that expFP (X) converges on the disc
{x ∈ Cp : vp(x) > 1/eK(q − 1)}. Therefore, all the power series on the right hand
side of this equation are overconvergent. Also, expFP (πωm) and E
Q
P,m−1(1) both have
positive valuations, so the formal group operations on these values are well defined.
We can therefore evaluate both the left and right hand side at 1 :
[π]P
(
EQP,m(1)
)
= expFP (πωm)−FP expFP (πωm) +FP E
Q
P,m−1(1) = E
Q
P,m−1(1) . (6)
By the induction hypothesis, we know that EQP,m−1(1) is a primitive [π
m−1]P -division
point and therefore EQP,m(1) is a primitive [π
m]P -division point. Part 1 now follows by
induction.
Part 2 then follows directly from Part 1 and Equation 6 above.
3.2 Galois action on EQP,n(1)
From Proposition 1 we know that Kpi,n = K(E
Q
P,n(1)). We will now give a complete
description of how Gal(Kpi,n/K) acts on E
Q
P,n(1).
We know that EQP,n(1) is a primitive nth Lubin-Tate division point with respect to
P . From standard theory (see [11, §6-7], specifically Theorem 7.1) we know that the
elements of Gal(Kpi,n/K) are those automorphisms such that E
Q
P,n(1) 7→ [u]P (E
Q
P,n(1)),
where u runs over a set of representatives of O×K/(1 + P
n
K), for example{
n−1∑
i=0
ziπ
i : zi ∈ µq−1 ∪ {0}, z0 6= 0
}
.
We now prove Proposition 2, which gives us a complete description of Gal(Kpi,n/K) in
terms of values of our power series.
Proof of Proposition 2. From the definition of EQP,n(X) and Identity 3 of Subsec-
tion 1.1, we have
[
n−1∑
i=0
ziπ
i]P (E
Q
P,n(X)) = [
n−1∑
i=0
ziπ
i]P
(
expFP
(
n−1∑
i=0
ωn−i(X
qi −Xq
i+1
)
πi
))
= expFP



n−1∑
j=0
zjπ
j

 n−1∑
i=0
ωn−i(X
qi −Xq
i+1
)
πi

 .
Using Identity 2 and the observation that zj = z
qi
j for all i and j, we then see that
this is equal to
FP∑
0≤j≤n−1
expFP
(
n−1∑
i=0
ωn−i((zjX)
qi − (zjX)
qi+1)
πi−j
)
. (7)
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We now develop each term of this expression. For all 1 ≤ j ≤ n− 1, we get :
expFP
(
n−1∑
i=0
ωn−i((zjX)
qi − (zjX)
qi+1)
πi−j
)
(8)
= expFP

j−1∑
i=0
ωn−i((zjX)
qi − (zjX)
qi+1)
πi−j
+
n−1∑
i=j
ωn−i((zjX)
qi − (zjX)
qi+1)
πi−j


= expFP
(
j−1∑
i=0
πj−iωn−i((zjX)
qi − (zjX)
qi+1)
)
+FP expFP
(
n−j−1∑
i=0
ωn−j−i((zjX)
qi+j − (zjX)
qi+j+1)
πi
)
= EQP,n−j((zjX)
qj ) +FP
FP∑
0≤i≤j−1
(
expFP (π
j−iωn−izjX
qi)−FP expFP (π
j−iωn−izjX
qi+1)
)
. (9)
Similarly to before, from Theorem 1 Part 1 we know that if π ≡ π′ mod Pn+1K ,
then EQP,n−j(X) is over-convergent for all 0 ≤ j ≤ n− 1 and therefore, E
Q
P,n−j((zjX)
qj )
is over-convergent for all 0 ≤ j ≤ n− 1. From Proposition 2.7 we know that expFP (X)
converges on the disc {x ∈ Cp : vp(x) > 1/eK(q−1)}. Therefore, all the power series in
(9) are over-convergent. Also all the power series in (9) have positive valuations when
evaluated at 1, so we can use formal group operations on these values. Evaluating (9)
at 1 we get EQP,n−j(zj). Combining this with (7) we then get
[
n−1∑
i=0
ziπ
i]P (E
Q
P,n(1)) = E
Q
P,n(z0) +FP E
Q
P,n−1(z1) +FP . . .+FP E
Q
P,1(zn−1) .
3.3 Local Galois module structure in weakly ramified ex-
tensions
As mentioned in the introduction, one of the main motivations for the generalisation
of Dwork and Pulita’s power series has come from recent progress with open questions
on Galois module structure.
First, let E/F be a finite odd degree Galois extension of number fields, with Galois
group G and rings of integers OE and OF . From Hilbert’s formula for the valuation
of the different DE/F ([21], IV, §2, Prop.4), we know that the valuation of DE/F will
be even at every prime ideal of OE and we can define the square-root of the inverse
different AE/F to be the unique fractional OE-ideal such that
A2E/F = D
−1
E/F .
Erez has proved that AE/F is locally free over OF [G] if and only if E/F is at most
weakly ramified, i.e., the second ramification groups are trivial at every prime [6] ;
however, the question of whether AE/F is free over Z[G] still remains open. The tame
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case has been solved by Erez [6]. Now, it is possible for weakly ramified extensions to
be wildly ramified, and here new obstructions arise.
Using Fro¨hlich’s classic Hom-description approach, see [8], it is possible to reduce
this problem to carrying out calculations at a local level. The key to these local
calculations is to have an explicit description of an integral normal basis generator for
the square-root of the inverse different in weakly ramified extensions of local fields.
It is also possible to reduce this problem further to considering only totally ramified
extensions (see [6, §6] and [18, §3]).
Precisely, let M be the unique degree p extension of Qp contained in Qp(ζp2); this
extension is totally, weakly and wildly ramified. First, in [5], Erez proves that the
element
1 + TrQp(ζp2 )/M (ζp2)
p
is an integral normal basis generator for the square-root of the inverse different of
M/Qp. In [23], Vinatier uses Erez’s basis to prove that AE/F is free over Z[G] with
F = Q whenever the decomposition group at every wild place is abelian. Then, in [16],
Pickett uses the trace map and special values of Dwork’s power series to generalise
Erez’s basis to degree p extensions of an unramified extension of Qp that are contained
in certain Lubin-Tate extensions. In [18], Pickett and Vinatier use Pickett’s bases to
prove that AE/F is free over Z[G] under certain conditions on both the decomposition
groups and base field.
Following these results, we shall give explicit descriptions of integral normal basis
generators for the square-root of the inverse different in abelian totally, weakly and
wildly ramified extensions of any finite extension of Qp.
Another application is concerned with the Galois module structure of the valuation
ring over its associated order in extensions of local fields. Precisely, let L/K be a finite
Galois extension of p-adic fields, with Galois group G. We denote by OK ⊂ OL the
corresponding valuation rings, and by AL/K the associated order of OL in the group
algebra K[G], that is
AL/K = {λ ∈ K[G] : λOL ⊂ OL}.
This is an OK -order of K[G], and the unique one over which OL could be free as a
module. When the extension L/K is at most tamely ramified, the equality AL/K =
OK [G] holds, and OL is AL/K -free according to Noether’s criterion. But when wild
ramification is permitted, the structure of OL as an AL/K -module is much more difficult
to determine (see, e.g., [22] for an exposition of recent progress in this topic). A p-adic
version of Leopoldt’s theorem asserts that the ring OL is AL/K -free whenever K = Qp
and G is abelian. However, the field Qp is actually the only base field which satisifes
this property. One extension of this result is due to Byott ([2], Cor. 4.3): If L/K is
an abelian extension of p-adic fields, then OL is free as a module over its associated
order AL/K whenever the extension L/K is totally and weakly ramified. We shall
construct explicit generators of the valuation ring over its associated order in maximal
abelian totally, weakly and wildly ramified extensions of K, using the description of
such extensions that comes from Proposition 3.1 below.
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These applications are closely related to each other. Their content is resumed in
Theorem 2, which we prove in this section.
Again, we denote by K a finite extension of Qp, with valuation ring OK , maximal
ideal PK , and residue field k. We write card(k) = q. Let π be a uniformising parameter
of K. By standard theory we know that the Lubin-Tate extension Kpi,2/K is abelian
and that [Kpi,2 : K] = q(q−1). We can therefore defineMpi,2 as the unique sub-extension
of Kpi,2/K such that [Mpi,2 : K] = q. The following result is a direct consequence of
Theorem 1.1 of [17], however the present paper was not published at the time of writing,
so we include another proof.
Proposition 3.1 Every maximal abelian totally, wildly and weakly ramified extension
of K is equal to Mpi,2 for some uniformising parameter π.
Proof. Let M be an abelian totally, wildly and weakly ramified extension of K. From
[2, Lemma 4.2], M must be contained in Kpi,2 for some π. Since it is of degree a power
of p over K, it is thus contained in Mpi,2.
Now, the extension Mpi,2/K is clearly abelian totally and wildly ramified. We are
thus left with proving that it is weakly ramified. Since this extension is totally and
wildly ramified, the numbers −1 and 0 are neither lower jumps, nor upper jumps. By
standard Lubin-Tate theory (see [11], §7), we know that the jumps of Kpi,2/K occur
at 0 and 1 in the upper numbering. Therefore, by Herbrand’s theorem, 1 is the only
upper jump (and so lower jump) of Mpi,2/K, as required.
We can now prove Theorem 2.
Proof of Theorem 2. As Mpi,2/K is totally ramified and of degree q, we know that
e(Mpi,2/K) = q. Therefore, from [2, Theorem 1] we know that any element of Mpi,2
with valuation 1 must be a generator of OMpi,2 over its associated order in Mpi,2/K,
and from [24, Corollary 2.5(i)] that any element of Mpi,2 with valuation 1− q must be
an integral normal basis generator for AMpi,2/K . Therefore, it suffices to prove that the
trace element TrKpi,2/M (E
Q
P,2(1)) is a uniformising parameter of Mpi,2.
First, the polynomial f(X) := P (P (X))P (X) is of degree q(q − 1), and it is irreducible
since it is Eisenstein over K: Indeed, f(X) = P (X)q−1 +
∑q−1
i=2 aiP (X)
i−1 + π and
each ai is divisible by π because P is a Lubin-Tate polynomial. Therefore, since
f(EQP,2(1)) = 0, f is the minimal polynomial of E
Q
P,2(1). Thus, TrKpi,2/K(E
Q
P,2(1)) is the
coefficient of Xq(q−1)−1 in f(X), i.e., TrKpi,2/K(E
Q
P,2(1)) = (q − 1)aq−1. In particular,
TrKpi,2/K(E
Q
P,2(1)) has valuation 1 in K.
Now, we denote by d the valuation of the different of the extension Mpi,2/K. Ac-
cording to the characterisation of the different [21, Ch. III, §3, Prop. 7], we have
∀i ∈ Z, T rMpi,2/K(P
−2d+i
Mpi,2
) = P
⌊ i
eMpi,2/K
⌋
K ,
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where ⌊x⌋ denotes the largest integer n with n ≤ x.
Since the extension Mpi,2/K is totally and weakly ramified of degree q, we have
d = 2(q − 1), by Hilbert’s formula for the valuation of the different. In particular, for
i = 2q − 1, the previous relation gives the identity TrMpi,2/K(PMpi,2) = PK , and for
i ≥ 2q, it proves that TrMpi,2/K(P
2
Mpi,2
) ⊆ P2K .
On the other hand, since the extension Kpi,2/Mpi,2 is tamely ramified, and because
EQP,2(1) is a uniformising parameter of Kpi,2 by Theorem 2, we know that the element
TrKpi,2/Mpi,2(E
Q
P,2(1)) lies in PMpi,2 .
Now, from the transitivity of the trace we also have
TrKpi,2/K(E
Q
P,2(1)) = TrMpi,2/K(TrKpi,2/Mpi,2(E
Q
P,2(1))) ,
and so, we can conclude that TrKpi,2/Mpi,2(E
Q
P,2(1)) is indeed a uniformising parameter
in the field Mpi,2.
We shall close this paper with the following corollary to Theorem 2, which gives
explicit integral normal basis generators for the square root of the inverse different in
every abelian totally, wildly and weakly ramified extensions of K.
Corollary 3.2 [Corollary to Theorem 2] Let M be an intermediate subfield of the
extension Mpi,2/K. Let αpi,2 equal either
TrKpi,2/M (E
Q
P,2(1))
pi or
TrKpi,2/M (E
Q
P,2(1))+q
pi .
Then, αpi,2 is an integral normal basis generator for AM/K .
Proof. This follows directly from Theorem 2 and ([24], Corollary 2.5(ii)).
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